In this work, a quantum error correction (QEC) procedure with the concatenated five-qubit code is used to construct a near-perfect effective qubit channel (with a error below 10 −5 ) from arbitrary noise channels. The exact performance of the QEC is characterized by a Choi matrix, which can be obtained via a simple and explicit protocol. In a noise model with five free parameters, our numerical results indicate that the concatenated fivequbit code is general: To construct a near-perfect effective channel from the noise channels, the necessary size of the concatenated five-qubit code depends only on the entanglement fidelity of the initial noise channels.
I. INTRODUCTION
In quantum computation and communication, quantum error correction (QEC) is necessary for preserving coherent states from noise and other unexpected interactions. Based on classic schemes using redundancy, Shor [1] has championed a strategy where a bit of quantum information is stored in an entanglement state of nine qubits. This scheme permits one to correct any error incurred by any of the nine qubits. For the same purpose, Steane [2] has proposed a protocol that uses seven quits. The five-qubit code was discovered by Bennett, DiVincenzo, Smolin and Wootters [3] , and independently by Laflamme, Miquel, Paz and Zurek [4] . The QEC conditions were proved independently by Bennett and co-authors [3] , and by Knill and Laflamme [5] . The protocols above with different quantum error correction codes (QECCs) can be viewed as active error correction. There are passive error avoiding techniques such as the decoherence-free subspaces [6] [7] [8] and noiseless subsystem [9] [10] [11] . Recently, it has been proved that all the active and passive QEC methods can be unified [12] [13] [14] .
With the known codes constructed in Refs. [2] [3] [4] , the standard QEC procedure is designed according to the principle of perfect correction for arbitrary single-qubit errors, where one postulates that single-qubit errors are the dominant terms in the noise process [15] . Recently, an optimization-based approach to QEC was explored. In each case, rather than correcting for arbitrary single-qubit errors, the error recovery scheme was adapted to model for the noise, with the goal to maximize the fidelity of the operation [16] [17] [18] [19] . Robust channel-adapted QEC protocols, where the uncertainty of the noise channel is considered, have also been developed [20] [21] [22] .
For some tasks such as storing or transferring a qubit of information, a near-idealized channel is usually required. If the fidelity obtained from error correction is not high enough, the further increase in levels of concatenation is necessary. In the previous works [23] [24] [25] , the application of QEC with the concatenated code was discussed for the Pauli channel * wxhscu@scu.edu.cn † taozhou@swjtu.edu.cn which includes the depolarizing channel as the most important example. In general, a QEC protocol contains three steps: encoding, error evolution, and decoding. When the concatenated code is used for encoding, there are two known methods for decoding: the widespread blockwise hard decoding technique and the optimal decoding using a message-passing algorithm [23] . As shown by Poulin, the Monte Carlo results using the five-qubit and Steane's code on depolarizing channel reveal significant advantages of message-passing algorithms.
For the depolarizing channel, the concatenated five-qubit code is also more efficient than the concatenated seven-qubit code.
In the present work, we shall focus on the following questions: For an arbitrary noise model, instead of finding the optimal QEC protocol adapted to it, is it possible for us to construct a near-perfect channel with a error below 10 −5 by performing a QEC procedure with the concatenated five-qubit code? In order to answer this question, two important methods developed in the previous works are applied here. At first, following the idea in Ref. [3] , we shall show that the blockwise decoding can be carried out in a way without performing the error syndrome, and the realization needs some additional quantum resources, required in the message-passing algorithms. The other method comes from the recent works where several general schemes have been developed for describing the exact performance of the QEC procedure based on a N l -qubit concatenated code [24, 25] . The main ideas in these schemes can be summarized in the following: First, the exact performance of the QEC with a N l -qubit code is denoted by an effective Choi matrix; Secondly, the Choi matrix in the l-th level of concatenation is obtained by simulating the standard quantum process tomography (SQPT) [15, [26] [27] [28] [29] [30] . Based on these results, the Choi matrix in the (l + 1)-th level can be obtained in a similar way. The advantage of introducing the effective Choi matrix is clear: Instead of directly working in the 2 N l -dimensional Hilbert space, one could always simulate the error correction in each level of concatenation in a 2 N -dimensional system.
For a general noise model, with five free parameters, our numerical simulation indicates that the concatenated fivequbit code is general: The QEC protocol with the concatenated five-qubit code, which is able to construct a near-perfect effective channel from the noise depolarizing channels, is also sufficient to complete the same task for other types of noise channels with the same channel fidelity.
The content of present work is organized as follows. In Sec. II, we construct an error correction protocol with the fivequbit code [3] , and a chosen unitary transformation is shown to be sufficient for correcting the errors of the principle system. In Sec. III, an explicit scheme is designed to obtain the effective Choi matrix. For three types of channels, the depolarizing channel, the amplitude damping channel and the bit-flip channel, the effective Choi matrices obtained by performing QEC with the concatenated five-qubit code is shown in Sec. IV. In Sec. V, it is shown that the concatenated sevenqubit is not general. In Sec. VI, a noise model containing five free parameters is constructed, and we argue that the concatenated five-qubit code is general. Finally, we end our work with a short discussion.
II. UNITARY REALIZATION OF QUANTUM ERROR CORRECTION
The N -qubit code concatenated with itself L times yields a N L -qubit code, providing a better error resistance with increasing L. The direct simulation of the quantum dynamics, coding and encoding procedure require massive computation resources. By following the idea in Refs. [24, 25] , the concept that the exact performance of QEC can be described by an effective channel, will make the calculation simplified.
Let us consider the QEC protocol with code in Ref. [3] ,
and
We use H S for the two-dimensional principle system, where the basis vectors are denoted by |0 and |1 , while the ancilla system system lies in a 2 4 -dimensional Hilbert space H A with the basis {|a m } m=0,..., 15 . The standard way to get the effective noise channel is depicted in Fig. 1(a) . It contains the following steps.
(i) The encoding procedure can be realized with a unitary transformation U ,
(ii) The noise evolution is denoted by Λ. The five-qubit code above is designed to correct the set of single-qubit errors, {E m } m=0,1,..., 15 . Usually, E 0 is fixed to be identity operatorÎ, and each E m (m = 0) is one of the Pauli operators 
Since the set of errors, {E m } m=0,...,15 , could be perfectly corrected, there should beP 
(iv) The decoding is realized by U † , the Hermite conjugate of U , U U † = I ⊗5 , and the effective channelε is
The above is the standard QEC protocol, and the unitary transformation U (U † ) used for encoding (decoding) is not unique. In this work, however, the unitary transformation is fixed as U |a m ⊗ |0 → |m, + , U |a m ⊗ |1 → |m, − , (5) or in the equivalent form
Certainly,
[It should be emphasized that the U † introduced above is nothing else but the U 2 used in the Eq. (87) of the original work in Ref. [3] .] As it has been argued in Ref. [3] , the recovery process R is not a necessary step, since the U † defined in Eq. (6) is sufficient for correcting the errors of the principle system. One can observe that, the following two processes are equivalent
where the processR is defined as
Furthermore, it can be expressed with a more explicit way,
, where the Kraus operators R m take the formR m = U R m U † . By some simple algebra, one may getR m = |a 0 a m | ⊗ I, and one can easily verify that: After an arbitrary state ρ SA of the jointed system is subjected to the processR, the state of the principle system remains unchanged, say,
According to this analysis, the processR can be moved away. It has been shown in Fig. 1 (d) that a simplified protocol to obtain the effective channel is defined as,
III. THE STANDARD QUANTUM PROCESS TOMOGRAPHY
To get the complete information about the effective channel, we shall introduce a convenient tool where a bounded matrix in H 2 is related to a vector in the enlarged Hilbert space H ⊗2 2 . Let A be a bounded matrix in the 2-dimensional Hilbert space H 2 , with A ij = i|A|j the matrix elements for it, and an isomorphism between A and a 2 2 -dimensional vector |A is defined as
where |S + is the maximally entangled state for H ⊗2 2 , and
k=0 |kk with |ij = |i ⊗ |j . This isomorphism provides a one-to-one mapping between the matrix and its vector form.
For a quantum process ε, the Kraus operators {A m } can be described by a corresponding Choi matrix,
Via the isomorphism above, this matrix can also be rewritten as χ(ε) = 2ρ, withρ = ε ⊗ I(|S + S + |). For the normalized stateρ, Schumacher's entangling fidelity is defined as F = S + |ρ|S + , and it provides a measure for how well the entanglement is preserved by the quantum process ε [31] . Certainly, one may calculate the entangling fidelity
With χ known, one can derive the Kraus operators of ε. 
With these operators, one may verify that the relation in Eq. (12) is recovered. The effective channel can be obtained via the performing the SQPT [15] . Here, it should be mentioned that the way of performing SQPT is not limited. In the present work, we shall apply the protocol presented in Ref. [32] . For convenience, a brief review of this protocol is organized in following: Introducing the set of operators, say, E cd = |c d|(c, d = 0, 1), we take them as the inputs for the principle system, and for a given E cd , the corresponding output is
Then, one may introduce the coefficients
andε(E cd ) can be expanded asε(E cd ) = 1 a,b=0λ ab;cd |a b|. The Choi matrix of the effective channelε in Eq. (10), can be expanded as
withχ ab;cd its matrix elements,
It has been shown in Ref. [32] that theχ ab;cd can be obtained in a simple way,χ ab;cd =λ ac;bd .
IV. EXACT PERFORMANCE OF THE CONCATENATED FIVE-QUBIT CODE
Now, we shall restrict our attention to the uncorrelated errors. We use ε : {A m } to denote the quantum process of each two-dimensional subsystem. Formally, Λ = ε ⊗5 . Let us consider the lowest level of error correction for the depolarizing channel ε DP ,
with i = 1, 2, 3 and F 0 its channel fidelity. We shall take it as an explicit example to show how the SQPT is completed.
(a) Let |0 0| the input of the principle system. The corresponding output is denoted byε(|0 0|). With the equatioñ
). Based on the definition in Eq. (16), the four matrix elements, λ ab;00 (a, b = 0, 1), arẽ λ 00;00 = a,λ 10;00 =λ 01;00 = 0,λ 11;00 = 1 − a.
(b) Similarly with step (a), one may also obtaiñ
and therefore, λ 00;01 =λ 10;01 =λ 11;01 = 0,λ 01;01 = 2a − 1, λ 00;10 =λ 01;10 =λ 11;10 = 0,λ 10;10 = 2a − 1, λ 00;11 = 1 − a,λ 10;11 =λ 01;11 = 0,λ 11;11 = a.
(c) With all the matrix elements,λ ab;cd , the so-called matrix λ can be orgnized as
According to the one-to-one relation in Eq. (19) , the effective Choi matrixχ is
(d) The entangling fidelity of the effective channelχ is denoted by F 1 , and now Eq. (13) can be rewritten as
(χ 00;00 +χ 00;11 +χ 11;00 +χ 11;11 ).
Based on it, there should be
A parameter p can be used to characterize the depolarizing channel, say, A 0 = 1 − 3p/4Î 2 , A i = √ p/2σ i , and with the relation F 0 = 1 − 3p/4, Eq. (22) can be rewritten as
This is the same as the result by Reimpell and Werner [16] . Furthermore, by requiring that F 1 ≥ F 0 , we have the threshold p < 0.18 (or F 0 > 0.86), the condition under which the five-qubit code works for the depolarizing channel.
(e) By some simple algebra, the eigenvalues λ m and the corresponding eigenvectors |Φ m can be derived,
With Eq. (14), one may verify that the effective Choi matrix can be also expressed by a set of Kraus operatorsÃ m ,χ = m |Ã m Ã m |, wherẽ
with i = 1, 2, 3 and F 1 the entangling fidelity. Obviously, the effective channel is also a depolarizing channel [24, 25] .
(f) With the Kraus operators above, a new supper operator ε:ε(ρ) = Ã m ρÃ † m can be defined. Let Λ =ε ⊗5 and follow the steps from (a) to (e), we can obtain the effective channel by the 5 2 -qubit concatenated code. By repeating the argument above, we can get the effective channel from the 5 L -qubit concatenated code. The protocol developed above, used for the depolarizing channelε DEP , can be easily generalized for other cases. For instance, the amplitude damping channel ε AD , has been widely discussed in previous works, and the Kraus operators are now
where γ is the damping parameter. The entangling fidelity of it is
When the five-qubit code is applied for correcting the amplitude damping errors, the entangling fidelity of the effective channel is
Another important case is the bit-flip channel ε BF with
where F 0 is the entangling fidelity. For a reason which will be clear soon, here we first introduce the denotations,
where F 0 is the fidelity of the initial channel without performing QEC. After performing QEC with the 5 l -qubit code, the effective channel is denoted by ε l (ω, F 0 ) with the setting (ω, F 0 ) indicating that the effective channel is originated from the initial ε 0 (ω, F 0 ). With the Choi matrix χ(ε l (ω, F 0 )), the entangling fidelity of the effective channel can be calculated as
In the present work, a quantum channel is called nearperfect if the entangling fidelity has a value above 1 − 10 −5 . For a given initial channel ε 0 (ω, F 0 ), we introduce the quantity L (ω,F0) and let 5 L (ω,F 0 ) be the minimum size of the concatenated code sufficient for constructing a near-perfect channel, F0) is independent of ω, which is used for denoting the actual type of the error model.
When the concatenated code is applied, the effective χ(ε l (ω, F 0 )) (ω = ω 0 ) usually does not have an analytical form. Noting that χ(ε l (ω 0 , F 0 )) always represents a depolarizing channel, we suppose that χ(ε l (ω, F 0 )) can be approximated by χ(ε l (ω 0 , F 0 )), and the error of the approximation is characterized by the distance measure
with |A| = √ A † A [15] . Especially, if D l (ω, F 0 ) ≪ 0, the entangling fidelities of the two channels, ε l (ω, F 0 ) and ε l (ω 0 , F 0 ), almost have the same value. Under the condition that the entangling fidelity F 0 (F 0 ≥ 0.86) is fixed, besides the steps from (a) to (f) for getting the effective channel, we added another two ones:
(g) With the Choi matrix χ(ε 1 (ω, F 0 )) corresponding to the effective channel ε 1 (ω, F 0 ), the entangling fidelity F 1 (ω, F 0 ) is decided by Eq. (28) , and the distance D 1 (ω, F 0 ) is calculated according to Eq. (29) .
(h) With a simple program, the Kraus operators of the effective channel can be decided, and the calculation for the effective channel in the second level starts from step (a). The calculation for a given ε(ω, F 0 ) can be terminated if F l (ω, F 0 ) ≥ 1 − 10 −5 . Based on the iterative protocol developed above, the effective channels in each level of the concatenation can be worked out. For the typical case where F 0 = 0.92, as shown in Table I, we have two observations that: (I) For all the possible channels, a perfect effective channel (with a error below 10 −5 ) can be constructed by using the same concatenated five-qubit code; (II) Meanwhile, the resulted effective channel can be approximated by the depolarizing channel. As shown in Table  II , the error of the approximation approaches to zero when l, the level of concatenation, is increased.
The effective channel for other cases, where F 0 takes different values, have also been calculated. Our calculation indicates that the two observations, (I) and (II) above, are independent of the choice of F 0 . 
V. EXACT PERFORMANCE OF THE CONCATENATED SEVEN-QUBIT CODE
In this section, we will show that the concatenated sevenqubit code is not general, or in other word, the number of levels for the concatenation, which is necessary for constructing a near-perfect channel, is dependent on the actual type of the noise. For the seven-qubit code [2] , we can also define a unitary transformation V in a 2 7 -dimensional Hilbert space for encoding, and its inverse V † is applied for decoding. Let |0 L and |1 L be the logical codes, select a set of correctable errors{E m } Finally, define Λ = ε ⊗7 and |a 0 = |000000 , and the effective channel, which is obtained by performing QEC procedure with the seven-qubit code, can be obtained as
To make sure that our program works in a perfect way, we consider a scenario where the seven-qubit code is applied for the amplitude damping in Eq. (26) . The analytical expression (26) is shown with the solid line while the one in Eq. (31) for the sevenqubit code, is in the dash line. for the entangling fidelity of the effective channel is
One can easily check that this result recovers the numerical one given in Ref. [19] , and the entangling fidelities of the effective channel when the five-qubit code and the seven-qubit code are used against the amplitude errors are compared in Fig. 2 . As shown in the above section, one can get the exact performance of the QEC protocol based on the concatenated Steane code. For three types of noise models, the depolarizing channel ε DEP , the amplitude damping channel ε AD , and the bit flip channel ε BF , the corresponding entangling fidelities F l have been calculated under the condition that the fidelity of the uncorrected channels is fixed to be F 0 = 0.94. Our results, listed in Table III , demonstrate that the necessary numbers of the concatenation are dependend on the actual types of the error.
VI. THE GENERAL NOISE MODEL
In this section, we shall show that the observation, which has been observed for the amplitude damping and bit flip channels, is general. Let {Ā m } to be a set of Kraus-operators, introduce an arbitrary 2 × 2 unitary transformation,
, and another set of operators {A m } can be defined as
where θ and φ are two free parameters. Three free parameters, α, β, and γ, are used to define the following four operators,
Now, let us recall some discussions about using the Bloch sphere representation to describe the single-qubit channel [15] . With r the Bloch vector for an input state ρ, and r for the output state,ε(ρ) = mĀ m ρ(Ā m ) † , on can obtain a map
where M is a 3×3 real matrix, and δ is a constant vector. This is an affine map, mapping the Bloch vector into itself. The set of operators in Eq. (33) can be described as
with the coefficients
This affine map can be roughly classified into the following two cases: the centered map with δ z = 0 (if α = β ) and the non-centered one with δ z = 0. The centered map of Eq. (35) is equivalent with the Paulichannel,
2 , and p 0 = 1 − p x − p y − p z . Certainly, it also contains the following two important situations: If α is fixed as
one can obtain a depolarizing channel, while for γ = 0 and an arbitrary α, we have the phase-flip channel. With the U 2 (θ, φ) introduced above, our noise model should also contain the bit-flip channel and bit-phase flip channel. For the non-centered case, let α = 0 and β = π 2 , and we can come to the amplitude damping channel,
For the case where the constraint α + β = π 2 holds, we have the so-called generalized amplitude damping channel [15] ,
From the discussions above, it can be seen that nearly all the noise channel listed in Ref. [15] are included here. Therefore, our noise model, defined in Eqs. (32) and (33), is general. Now, let us consider a typical case where the entangling fidelity of the uncorrected channel is fixed as F 0 = 0.9. For the depolarizing channel, using the result in Eq. (22), we can get the entangling fidelities in each level of the concatenation:
Therefore, to construct a near perfect channel from the depolarizing channel with entangling fidelity F 0 = 0.9, the fivequbit code should be concatenated with itself L = 6 times. From Eq. (21) and the known F l (ω), the effective choi matrix χ(ε 1 (ω 0 , F 0 )) can be easily calculated. Then, under the condition that F 0 is fixed, F 0 = 0.9, we can design a program to generate an arbitrary setting for the five free parameters introduced above. The generated channel is denoted by ε
⊗5 , the effective channel in each l-th level of concatenation can be decided by following the same method as the amplitude channel in Sec. IV. As the result of this run of calculation, we can get the exact values F l (ω 1 , F 0 ) and D l (ω 1 , F 0 ) with l = 1, 2, ..., 6. After the calculation of the first one is completed, another channel with a fidelity of 0.9 will be generated and denoted by ε 0 (ω 2 , F 0 ). Similarly, we have the results F l (ω 2 , F 0 ) and D l (ω 2 , F 0 ) with l = 1, 2, ..., 6. Usually, in the m-th run of calculation, the generated channel is denoted by ε 0 (ω m , F 0 ) with F 0 = 0.9. After performing QEC with the 5 6 -qubit concatenated code, we can get a series of exact values F l (ω m , F 0 ) and D l (ω m , F 0 ) with l = 1, 2, ..., 6. For a fixed value of F 0 , there is about M (M ≥ 10 5 ) examples of noise channel that will be generated. Based on the numerical data in each level of concatenation, a distance measure D max l (F 0 ) can be defined to denote the maximum value of error for the approximation defined in Eq. (29),
and the minimum fidelity
(39) For the case F 0 = 0.9, our numerical calculation gives (F 0 ) ≥ 1 − 10 −5 , the concatenated fivequbit code, which is able to construct a near perfect channel from the depolarizing channel, is also suitable for the arbitrary channel with the same initial fidelity as the depolarizing channel. For the other cases where the initial fidelity takes different values, 0.92, 0.945, 0.97, 0.97, 0.992, our numerical results, which are depicted in Fig. 4 , show that the properties (a) and (b) can be also observed.
Therefore, as a direct consequence of the observations, we argue that the concatenated five-qubit is general: Under the condition that the fidelity is fixed, a 5 L (ω 0 ,F 0 ) -qubit code, which is the minimal-sized one for constructing a near-perfect qubit-channel from the depolarizing channels, can be used to complete the same task for the general noise channels with the same initial fidelity F 0 .
VII. DISCUSSIONS AND REMARKS
Our present work is based on the assumption that the noise of quantum channel comes from the interaction between the physical qubit and the environment. The apparatus, which are used for state preparation, encoding and decoding, are supposed to be perfect. The main results of this work are: (I) A simple and explicit scheme is developed to get the effective Choi matrix resulted by the QEC procedure with the concatenated five-qubit code. (II) Based on this scheme, we have shown that the QEC procedure, which is optimal for the noise depolarizing channels, also offers an efficient way to construct a near-perfect channel, where the noise of the physical qubit is a general one including the amplitude damping. Within a general noise model, though not a strict proof, our numerical results indicate that the concatenated five-qubit code is general: To construct an effective channel with a error below 10 −5 , the necessary number of the levels for concatenation is decided by the fidelity of the initial channels and it does not depend on the actual types of noise models. Naturally, there is still an open question: Is the concatenated five-qubit general for an arbitrary noise channel? For the single-qubit case, such a trace-preserving model requires about twelve parameters. Under the constraint that the fidelity is fixed, how to effectively generate an arbitrary setting for all these parameters is still an unsolved problem. From the results of the present work, we guess that the concatenated five-qubit is general. Our argument is based on the following two facts.
First, a general QEC protocol does exist, and in the work of Horodeckis' [33] , the so-called twirling procedure has been introduced. Performing twirling on an arbitrary channel ε(ω, F 0 ), one may obtain a depolarizing channel ε(ω 0 , F 0 ) with the unchanged channel fidelity, and before performing QEC with the concatenated five-qubit code, all the initial (unknown) channels may be transferred into the depolarizing channels through twirling. We may call the so-constructed QEC protocol, which is general for the arbitrary noise models, the term twirling-assisted QEC scheme. As a basic property, the effective channel in each level of concatenation should always be a depolarizing channel.
Second, within the general noise model, our numerical results indicate that the QEC protocol based on the concatenated five-qubit code can be viewed as an approximate realization of the twirling-assisted QEC scheme. As shown, the effective channel in each level can be approximated by the depolarizing channel while the error of the approximation approaches to zero as the level of concatenation is increased.
The blockwise decoding protocol, which is suboptimal, is used in our work. From the work of Poulin [23] , it is known that the message-passing decoding algorithm is optimal, and by jointing the twirling stage and the message-passing decoding protocol together, one can have an optimal way to construct a near perfect channel for the arbitrary noise. However, from the results in present work, it is shown that twirling is not a necessary step if the blockwise decoding is applied. Actually, one may guess that the twirling is also not necessary for the QEC with the message-passing decoding algorithm. In other word, the optimal QEC protocol for the depolarizing channel, which has been developed by Poulin, may also be general. We expect this guess could lead to further theoretical or experimental consequences.
